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ABSTRACT: In this paper two results for generating functions associated with multiparameter Hurwitz Lerch Zeta
function are established. These generating functions are studied and established by Srivastava. A few known and new
integrals are also, obtained as special cases of our main results in this paper.
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L. INTRODUCTION AND PRILIMINARIES:
The Riemann Zeta function & (S ) the Hurwitz Zeta function & (S > a) and the Lerch Zeta function . (f ) defined
as see for detail [1,Chp.1]

o)

g@):zn_{:¢(1,s,1>:;(s,1)(Re<s>>1)

= (1.1)
i 1 S, a)(Re(s)>1;ae C\ZO_), (1.2)
n=0 n+a)

i eznmé =¢(.5.1)(Re(s) > £ € R) (1.3)
o n+

The Hurwitz-Lerch Zeta function is a generalization of the Riemann Zeta function. It is defined as Srivastava

"
(z.s,a) Z

= ( ) (1.4)

(aeC/lZ,;s eC when|z[<I; R(S) >1 when |z|=1)
The integral representation of above defined Hurwitz Lerch zeta function is given by Erdelyi et al [1, pp. 27, eq

1.113)].
1 s—1 _-—at

ot e
¢(Z,S,a)=r—s 0 I_Ze_l

(1.5)
Re(a) > 0, Re(s) >0 when|z|£l( Z 7&1), Re(s) >1 whenz =1 at a =0
A generalization of the Hurwitz-Lerch Zeta function is also studied by Goyal and Laddha [10] as follows

n

5 (zsa)=y

monl(n+a)
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['(u+n)

Where Re() >0 and (g), is the Pochhammer symbol with relation ( ,u)n = T ( )
7

its integral representation
—H
é, zsa:—'[t” 1ze> dt,

min{R(a),R(s)}>0;| z|<1
(1.6)
The Fox and Wright studied a function » l//: which is the generalization of the familiar hypergeometric function Fq

and known as wright’s generalized hypergeometric function.It is defined as

(al,Al), ....... ,(ap,Ap); _Oo(al)Aln ..... (@,)4,2

Z r (1.7)

4 <|=
P (bl,Bl), ......... ,(bq,Bq); =0 (0 peen(Dy)p 11!

At A = l(i =1....., p) B, = 1( j=1... ,q) it reduces to generalized hypergeometric function , F, .

n

Further generalization of the above defined Hurwitz-Lerch Zeta function ¢ﬂ (z,8,a) and ¢; (z,8,a) isrecently
studied in the following form by Garg et al [7];

l 7"
P (2:5:0) Z( (7), n'(n+a)
(1.8)
_ 1 * s _—at ﬂ“’:u —t
and ¢A,ﬂ,y(z,s,a)—ﬁjot e 21*{ , ;ze }dt (1.9)

where 4, 4€C,a€C/Z;,5s € C when |z|<1 RC(S‘HJ_)“_,U) when | z|=1

Lin and Srivastava [9] also extended the Hurwitz-Lerch zeta function in the following form.

S L

1 = . , L1
=F_SJ.0 ts—]e—atzl//l |:(Iu(f/) () ) :|dl. (110)

neCia,AeC|Z;; p,ceR";p<o when s,zeCip=0

and s€C when |Z| <o=p 0% P=9 and Re(s—,u+v) >1 when |Z| =0
Bin-Saad [8] established the following generating function for the Hurwitz — Lerch zeta function defined in (1.1)

0 (/1) 0 Zn

2 p(zs+na) Z — — =V, (zt,s.q) (1.11)

= n! o (n+a) " (n+a-r)

[2]<[a]
When t —¢/ A and | A|— o0, (1.8) becomes

o0 tn o0 n t
Z¢(z,s+n,a)—=z £ —exp =y (z,t,5,a),|t|<0 (1.12) The
— n! = (n+a) n+a

extension of Hurwitz Lerch zeta function in multiparameter is defined by Srivastava [5] as follows.
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(pl,....,pp;a,, ..... ,O'q) w H(%)"P/ 7"
(z.8a)=> = . - (1.13)
(Apreoooes Ay Moo 11, ) T T(u) (n+a)
. ll’lj no;
Jj=1

p,quo;ﬂjeC(jzl, ..... ,p); a,pu; eclz,(j=1,...9)
pj,O'keR+(j=1,...,p,k:1, ..... ,q)

They introduced the following generating relations associated with multiparameter Hurwitz- Lerch zeta
function defined in (1.10)

> (A4 .
ZQ@([{? sssss Pp3O1sees Uq)(z’s_l_n,a)tn

n=0 n! """ ﬂ'ﬁ;/'l] ------- yq)
© Ekzk |t|<|a|
| S (1.14)
;(k'Fa)s/1 (k_'_a_t);L A(Z s.a
where
P
[1(4),,
E = j=1
k q
k!H(ﬂf)ka
j=
S No’

E (Ppyeees £y Oy O,) & E 7" ,
Z¢(A1 (Z,S+n,a) —Z(k—l—a)sexp( j

~ eenees by Hyseenes 1) n! = k+a
=0(z.15,a) (|tl<o) (1.15)
The truncated form of the generating function Q 2 (Z, 1S, a) and 6(z,t;s,a) are also defined by Srivastava [6]
respectively.
, : EzZ
Qg (Z’t;s,a)zz s—ik - I’ENO
k:0(k+a) (k+a—l‘)
r+1,0 . E, Zk
Q;rl, (Z,I;S,Cl)zz s—ik = I"ENO
] (k+a) (k+a—t)

r E 7 t
6% (z,t;5,a) = k exp( j ., reN
kz_;'(k+a)s k+a 0

and

0 E Zk t
0" (z,t;5,a) = ‘ eXp( j , r€N,
k;1(k+a)s k+a °

Which satisfy the following decomposition formulas :
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Q( )(z,t s a)+Q(”l°° (z.1:5,0)=Q, (z.1;5,a)

0((),r)(z s a)+0r+l (z,l‘;S,Cl):e(Z’t;S’a) (1.16)

The integral representation formula for these generating functions are defined as follows (Srivastava [5], [6]):

Q/I(Z,a);s’a)zris"‘:ts_le_a,pwq*|:(/1,,p,) ....... (Ap:Pp) ,Ze :| F(/l s a)l')dt

(44,07 )yenens (,u

and

. _ 1 ® 5=l _—at (/11 pl) (ﬂp,Pp) .o
G(Z,a),s,a)—ﬂjot e |:(;u130-1) o’ } oF (=s;00)dt

where {minR(a), ( )} >0
Results Required
The following result is also required here [3, pp 181-184] :

For f(l‘) = (77—5)+p(l‘—§)+0(77—l‘) we have ,
[(t=2) (=0 "[£ (0] " di= Bla.p) (&) (14 p) “ (140)”

(1.17)
Re(a),Re(f) > 0,(n =)+ p(t=S) +o(n-1)#0,5 # 1

We have established the following results involving functions related to Hurwtiz-Lerch Zeta functions.
2.Main Results

ko [ (O)=(1=8)+plt=&)+a(n-1) h(O)=(1=¢Y [ ()]

v(0)=(t=&) (n-1) [£(1)]”

and for the sequence of coefficient {Ek }ik e N, the following main results are established here.
Result-1

0= =0 [ 0] "0 (w0le=s) (= [1 @] )

=B(a.f)(n-&) (1+p) " (1+0)” S (k+a)
(ft,l),(a,y),(ﬂﬁ);a)(1+p)_7(1+0')_a}

e (a+p.y+5); (k+a)
where 1 # & min{R(a),R(,B)}>O; y>0

Result-2

=8y =0 L @] o(zol=¢) (1= [r(0)] " sa)a
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(10 r0)(1-8) Bl p) S| (T o(i+p) (1+a)’

= ( s 2V (a+pB.y+6); (k+a)
where
n# §,min{R(,u),R(u)}>O;}/> 0
2.2)
OUTLINES OF PROOFS
Proof of (2.1):

To prove the result in (2.1), first we denote the LHS of (2.1) by I ie.

L=[1e=8)" =0 (O] @ (ol-¢) (-0 [£ ()] 5.a)ar

Now on using the definition of €2 , given (1.14) and using binomial expansion theorem and then on changing the order

of integration and summation we have

Il _ i EkZ &a)nj’”(t_g)uﬁ—yn—l (77 _t)ﬂ+5n—1 [f(t)]—[(a+ﬂ)+q(y+5):| dr

k=0 (k+a)s n! d

Now evaluating the inner integral with help of (1.17) and on interpreting then n-series in view of (1.7) we atonce arrive
at the desired result in (2.1).
The result in (2.2) is proved following the similar lines as to prove the result (2.1) in view of definition of

6(z,t;s,a) given in (1.15) and using exponential series .

Particular cases:
1.If in results (2.1) and (2.2), we take p =0 =0 and @ is replaced by a)(77 — f )7 * then these results reduce to the
known results due to Srivastava[5,eqgs. (3.21) and (3.22)] respectively.
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